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ABSTRACT

In this article numerical analysis of incompressible, two dimensional and mixed convective MHD Casson fluid flows over a
stretching surface with porosity under the influence of radiation and chemical reaction as well as viscous dissipation considered.
By utilizing suitable similarity analysis, the governing PDEs (Partial differential equations) with its respective boundary
conditions were transformed to dimensionless forms. The resulting ODEs (Ordinary differential equations) along with
corresponding boundary conditions were solved via shooting technique combined with Runge-kutta-Fehlberg method. The
outcomes of this study illuminates that velocity, temperature and concentration fields decreases due to the thickness of the
boundary layer as we go away from the stretching sheet surface and falling of velocity observed in Casson fluid parameter. Under
some restriction the resultant outcome were compared with previous published results and is found in admirable agreement.

1. INTRODUCTION
Depends on viscosity the ratio of shear

stress with the rate of strain inside the fluid can be
categorized as linear, nonlinear or plastic. The
shear stress is proportional linear to the rate of
strain, in Newtonian fluid, hear the proportionality
constant is the dynamic viscosity coefficient.
While in case of non-Newtonian the shear stress is
nonlinearly proportional to the rate of strain, here
the constant coefficient doesn’t defined as even it
is reliant on time. Further, plastic deformation
retains if shear stress not depends on rate of strain.
When undergoing deformation the material
exhibit both combine characteristics of viscous
and elastic property is known as viscoelastic. The
viscoelastic property disappears with the rate of
shear, time and temperature.

In fluid dynamics, dissipation is the
energy conversion from one form to another. For
example if fluid flow needs Kinetic energy i.e.
velocity of the fluid changes energy in to internal
energy by taking it from the motion. The Kinetic
energy is dissipated. The rise of the fluid velocity
outcomes the rise up the temperature of the fluid.
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Depending upon the Eckert number (non-
dimensional quantity) viscous dissipation varies.
Viscous dissipation is applied in geophysical
flows and industries. Santoshiet al. [1] discussed
the effects of chemical reaction on boundary layer
flow upon a stretching sheet along with viscous
dissipation. Dash et al. [2] explored the impact of
heat and mass transfer on boundary layer fluid
flow past through a moving vertical porous plate
along with magnetic field in the transverse
direction in the presence of heat source and
chemical reaction. Tiegang et al. [3] researched an
unsteady incompressible, boundary layer flow of
stagnation-point with mass transfer. Zigta [4]
analyzed the effect of unsteady, incompressible,
magneto hydrodynamics filled with viscoelastic
fluid in an infinite vertical porous channel inserted
in a porous medium. Numerous investigators
talked over different traits of stretching flow
problem [5]. Reddy et al. [6] studied an unsteady
MHD free flow of a Casson fluid past an
oscillating vertical plate with constant wall
temperature. Reddy et al. [7] analyzed the impact
of radiation and heat generation on MHD
boundary layer fluid flow over a stretching porous

surface through porous medium with mass
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transfer. Raja Sekhar et al. [8] studied an unsteady
oscillatory MHD slip fluid flow over a planer
channel with the impact of chemical reaction and
heat source. Chiam [9] discussed the boundary
layer flow on stretching plate with distribution of
velocity by power law in the presence of magnetic
field in transverse direction. Elbashbeshy et al.
[10] developed Maxwell nanofluid flow with heat
and mass transfer over a stretching surface
inserted in a porous medium in the existence of a
heat source. Suresh et al. [11] analyses the impact
of thermal radiation on free convective MHD
fluid flow over a vertical porous moving plate in
presence of chemical reaction. Liao et al. [12]
explained comprehensive account of the boundary
layers through a vertical plate inserted in a porous
medium. Reddy et al. [13] discussed the impact of
heat radiation on boundary layer MHD nanofluid
slip velocity flow, over a stretching surface with
boundary conditions. Shateyi et al. [14] explained
the free convection of combined heat and mass
transfer effects toward an unsteady stretching
porous sheet along with radiation, viscous
dissipation and chemical reaction. Chamka et al.
[15] studied thermophoretic MHD heat and mass
transfer stream above plane surface. Gebhart et al.
[16] discussed some general characteristics of
similarity circumstances for flow over in
convection plumes and surfaces. Vajravelu et al.
[17] considered the phenomenon of heat transfer
and flow through a nonlinearity enlarging sheet.

nanoparticle
size: (1 to 190)nm
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Rafael [18] considered transfer of heat and fluid
flow in a stretching surface through a porous
medium. Khan et al. [19] examined boundary
layer flow of viscoelastic and transfer of heat over
continuous exponential stretching sheet. Akyildiz
et al. [20] developed the viscoelastic fluid flow
with mass transfer of species which are
chemically reactive over an extending sheet. Pop
et al. [21] developed the steady boundary layer
nanofluid flow with heat transfer over a widening
surface. Aziz et al. [22] investigated the effect of
heat transfer on boundary layer nanofluid flow
with convective boundary condition over an
enlarging surface.

The main objective of the present study is to
analyze the effect of MHD Casson boundary layer
nanofluid flow upon a stretching porous sheet in
the existence of radiation, chemical reaction along
with viscous dissipation. The governing PDEs
transformed to ODEs then the resulting ODEs are
solved by shooting technique along with Runge-
kutta-Fehlberg method.

2. Mathematical formulation

Consider the numerical investigation on an
incompressible, steady, two-dimensional, laminar,
viscous boundary layer flow of an electrically
conducting MHD Casson fluid towards a
stretching surface with chemically reactive
species experiencing chemical reaction.

microscopic view

,Q;‘s\

.,

u, (x)=ax

Hot fluid

Fig.1. Geometry of the flow under consideration

The plate has been taken in x-direction along with
stretched velocity uw(x) = ax, (a>0) as shown in
Fig.1. Further, the magnetic field applied in y-
direction to the fluid flow. At the surface T, uw,
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Cw represent fluid temperature, velocity and
concentration of nanoparticle respectively.
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The state of Casson fluid rheological equation is
given by

Ug + P,

2( Ners jeij,ﬂ>ﬂ'&
T = b
+P,

2[”8 yjeij,ﬁ<7rc'
«f27rc

(1)

where 7 =g;e; and e; represents the component

of (i, j)™ distortion rate, 7 being the resulted from
distortion rate itself, the product z, is a critical
value reliant over non-Newtonian form,
represents the non-Newtonian fluid viscosity
relevant to a fluid of plastic dynamic and P, gives

the fluid vyield pressure. The governing
conservation equations under the boundary layer
approximation, are as follows:
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Here u and v are the velocity components in

the direction of x and y respectively, p- the
fluid pressure, p,- the base fluid density, o, -

particles density, v - Kinematic viscosity of the
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base fluid, o- the electrical conductivity, p -

fluid density, T - temperature, o - thermal

(p9, is the heat capacity ratio of
(pC)

nanofluid and the base fluid, D, , D, are the

coefficients of Brownian and thermophoretic

diffusion, 4 - dynamic viscosity, C - specific

diffusivity, =

heat.

The boundary conditions for Equations (2), (3),
(4), (5) and (6) are given as

u=u,+ La—u,v=vw,—ka—T= h(T, -T),C=C,aty=0
oy oy
u=0,v=0,T T, ,C—>C_ asy > o
(7)
Using Rosseland approximation equation (4) can

be expressed as

ot aT _ [auj o°T acar b [6Tj a 16
u—+Vv +a—5+¢| Dg— +—=
x oy C,\oy oy oy oy T oy pr <

(8)

, \Here o represents the constant of Stefan-
—z)Boltzmann, k indicates thermal conductivity and

k™ gives the coefficient of mean absorption.
We wuse similarity transformation to solve

—uj equations (2), (3), (4), (5), (6), (7) and (8)

w =Javxf (n),0(n) =
6qu
oy

The stream function velocity can be defined as

©
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(10)
So, we have
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u=axf'(n),u=—Javf(y)

(11)
here prime indicates differentiation w.r.to n.
Using equation (9) in equation (1) that will be
satisfied, using equations (8)-(10) in equations
(2)-(4), we will get the following ODEs.

[1+l]f'"+ ff”—(f’)z—[M +ijf':o
F; K

(12)

(13)
pB"+Lef g'+ be" Leys=0

The Nusselt number Nux, the skin friction
coefficient Ct, and the Sherwood number Shy, can
be expressed as:

XA *-,and Sh, = X

Nu, = ,C; = £ 5 —_—
kT, -T.) pU,, Dy (C, -C.)

Where, 7y is the surface shear stress, qm is the wall
surface mass flux, and qw is the heat flux at the
wall surface, given by:

el oC
i Um = _DB ~,
qW [ ay Jy_o q ( 8y jy_o

Using the dimensionless variables, we get

Nu,

T2 _11RO(0), = =—'(0),C, R =—f"(0)
RO =00 -

where Rey indicates the Reynolds number and is
stated as:

(14)
with the boundary conditions Re M,
£(0)=S, £/(0) =1+ Af"(0), 0'(0) = —Bi(L—6(0)) = 0, B(0) =1 at 7'~ 0

f'(0) > 0,0(0) -0, f(0) >0 as n —> o
(15)

The dimensionless constants M, S, R, A, Pr, Nb,
Nt, Ec, y ,Le, Bi, K represent the parameters of
magnetic, suction, radiation, velocity slip, Prandtl
number, Brownian motion,  thermophoresis,
Eckert number, Lewis number, chemical rate, Biot
number and permeability respectively, which can

be defined as

3. RES LT AND DISCUSSION

Fig.2depicts the impact of the magnetic
parameter (M), on velocity profiles. For both the
cases in suction and injection, it is clear that for
rising values of magnetic field parameter (M), the
velocity profiles decreases. This is because of the
fact that the influence of magnetic field on
electrically conducting fluid generates a drag
force which cultivates the body force known as
Lorentz force. This force diminishes the fluid
motion hence; it results to reduce the velocity.

M=9B gV Al [ EJ R0 \p—7P:(Cy—C.Fig,3 Wiets Tthe effect of various values of
pa Jav v 3kk permeabllﬂﬁc parameter on velocity profiles. It is
k- Ka o _ Uy, _ku(C, -C,) pr=" Bi- h(v/a)' 6b§grve1d that for the enhancing values of
v pi (T -T.)' v a Kk permedBility parameter, the velocity raises due to
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porous medium increases the resistance to the
flow which cases the fluid to decrease. The
influence of the Casson fluid parameter (3) on the
velocity profiles are shown in Fig.4. It is noticed
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that for the raising values of Casson fluid
parameter (B) the fluid velocity decreases, the
reason is that the fluid become more viscous with
the growth of Casson fluid parameter (B),
therefore more resistance is offered, which
reduces the boundary layer thickness. Fig. 5
depicts the temperature profile for different values
of radiation parameter (R). It is observed that the
temperature enhances with an increasing values of
radiation parameter. Because of the reason, for the
raising surface heat flux leads to temperature
grow up.

The variation of Prandtl number w.r.to the
temperature profiles as shown in Fig.6. As Prandtl
number Pr is in inversely related with thermal
conductivity. So that for an enhancing value of
Prandtl number, the capability of material to
conduct heat falls so, the temperature of the fluid
diminutions. Fig.7. represents the influence of slip
parameter (A) on the velocity profiles. The slip
parameter growths, the velocity decreases due
fluid flow boundary layer thickness. Fig.8 shows
the variations in velocity w.r.to suction parameter
(S). It is noted that the suction parameter rises,
velocity falls. As the fluid particles tense into the
wall with the increase of suction parameter hence
the boundary layer reduces. Figs. (9) and (10)
reveal the influence of thermophoresis parameter
(Nt) on the distribution of temperature and
concentration profiles respectively. It is identified
that the temperature upturns with the growing the
thermophoresis parameter. The heightening of
thermophoretic effects outcomes the nanoparticles
migration from the hot to the cold surface ambient
fluid as a result of this the temperature rises in the
boundary layer. Also it is noticed that the
concentration  drops  with an  growing
thermophoresis parameter. Figs. (11) and (12)
prepared to show the Brownian motion parameter
(Nb) impacts on the temperature and
concentration profiles respectively. It is observed
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that both the temperature and concentration
increases with an increasing the Brownian motion
due to the thickness of thermal boundary layer.
Fig. 13 represents the influence of Eckert number
on the temperature distribution and it is visualized
here to increase the Eckert number increases,
temperature increases. Due to friction, the Eckert
number values accelerate with the heat energy,
which consequences in the enrichment of the
temperature  profile.  Fig.14  depicts the
concentration profiles with the impact of Lewis
number. It is observed that the concentration
decreases with an enhancing Lewis parameter.
This is due to the ratio of diffusivity of
momentum to Brownian diffusion. The influence
of chemical reaction on concentration profiles
discoursed with the assistance of Fig. 15. It can be
identified that for an enhancing chemical reaction,
the concentration profiles are decreases depletion
in concentration. The impact of Biot number on
the temperature profiles as shown in Fig.16. As
Biot number evaluates the heat transfer resistance
quotient from outside and on the surface, which
causes the temperature profile increases.

For the validity of our results, the skin friction
factor, the Nusselt and Sherwood number have
been compared with those already published in
literature as shown in Tables | and Il. From tables
it can be seen that the results achieved by the
present code are found convincingly much closed
to the published results [1].

Table 11l report the alterations in skin-friction,
Nusselt and Sherwood factors against physical
parameters, namely, M, K, B, R, Pr, A, S, Nt, Nb,
Ec, Le and Bi respectively. Skin friction, Nusselt
and Sherwood numbers are upturns when raising
of the parameters M, K, B. Nusselt and Sherwood
wood numbers are increases when enhancing all
parameter but skin friction is constant when
increasing of R, Pr, Nt, Nb, Ec, Le and Bi.
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Fig.2.Velocity profiles for various values of Fig.5.Temperature profiles for dissimilar
magnetic parameter (M). values of radiation parameter (R).
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Fig.3.Velocity profiles for dissimilar values of Fig.6. Temperature profiles for various values
permeability parameter (K). of Prandtl number (Pr).

Fig.4. Velocity profiles for various values of

Casson parameter (f).
P ®) Fig.7.Velocity profiles for dissimilar values of

slip parameter (A).
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Fig.14.Concentration profiles for dissimilar
values of Lewis number (Le). Fig.16. Temperature profiles for different
values of Biot number (Bi).
Table I. Comparative outcomes of skin friction
coefficient— f”(0) for various values of M , S and
A
M S [A f"(0)
- - . ) Santoshi | Present value
" Misra [1]
Fig.15.Concentration profiles for various 05 02101 11136756 | 1.136656
values of chemical reaction parameter (Kr). 10 102101 |1.282955 | 1.283954
0.5 0.5]0.1 | 1.265184 | 1.268401
0.5 0.2 0.5 | 0.8066351 | 0.8064753
Table II. Comparative outcomes of Nusselt r—6'(0) and Sherwood — £'(0) numbers
Nt Nb 6'(0) S'(0)
Santoshi Misra [1] Santoshi  Misra
[1]
0.1 0.1 0.08225153 0.0825642 | 2.958882 2.95905
0.5 0.1 0.07928398 0.0793975 | 3.000859 3.00175
0.1 0.5 0.08198826 0.0818746 | 2.760671 2.761743
0.5 0.5 0.07893625 0.0785429 | 2.967534 2.968632
In every one of these estimations, we have
considered

Pr=2,M=2, R=2, Nb=Nt=S=A=Ec=y=0.5, Bi=0.1land Le=5
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Table 111

M|K |8 |[R |Pr A |S [Nt [Nb|Ec |Le |Kr |Bi |SF Nu Sh
1 /054 |2 |071|05/05|05(05|05 (|1 |05 |01 | 0971411 | 0.073878 | 1.076286
2 1.025638 | 0.073949 | 1.083126
3 1.069877 | 0.074059 | 1.091738
4 1.107090 | 0.074230 | 1.102990
171 (4 |2 |071|05/05|05(05|{05 |1 |05 0.1 | 0.833794 | 0.074506 | 1.118471
2 0.842294 | 0.074707 | 1.128699
3 0.858521 | 0.074787 | 1.132622
4 0.901927 | 0.074830 | 1.134698
1 /051 |2 |071|05/05|05(05|05 |1 |05 |01 0.847011 | 0.074230 | 1.102990
2 0.922434 | 0.074294 | 1.106765
3 0.953987 | 0.074419 | 1.113794
4 0.971411 | 0.074770 | 1.131551
2 10505052 05(05(05|05|05|1 |05|0.1 | 0.796856 | 0.065278 | 1.122883
1 0.796856 | 0.066455 | 1.129657
1.5 0.796856 | 0.067480 | 1.132976
2 0.796856 | 0.067919 | 1.134849
2 105|05|05(071({05|05|05|05|05|1 |05 |0.1 | 0.796857 | 0.063986 | 1.106760
1 0.796857 | 0.064668 | 1.119256
5 0.796857 | 0.066400 | 1.138047
7 0.796857 | 0.067799 | 1.139107
2 105|05|05|071(1 |05|/05|05|05|1 |05 |01 0.208734 | 0.066064 | 1.046881
2 0.264058 | 0.067091 | 1.056889
3 0.359612 | 0.067273 | 1.073478
4 0.565590 | 0.067285 | 1.106400
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2 |05(05]|05(071 (051 |05({05|05|1 |05 0.1 | 0.828428 | 0.069129 | 1.519874
2 0.891877 | 0.076821 | 2.382039

3 0.954451 | 0.081949 | 3.308736

4 1.014830 | 0.085428 | 4.263773

2 |05(05]|05(071 (05051 |05|05|1 |05 0.1 0.796857 | 0.060576 | 1.065693
2 0.796857 | 0.061608 | 1.096135

3 0.796857 | 0.062593 | 1.118847

4 0.796857 | 0.063533 | 1.134140

2 |05(05(/05(071(05|05|05|1 |05]1 |05 0.1 0.796857 | 0.049404 | 1.137881
2 0.796857 | 0.053825 | 1.137998

3 0.796857 | 0.058065 | 1.138176

4 0.796857 | 0.062077 | 1.138539

2 105|05|05(071({05|05|05|05|05|{0.1|05 0.1 0.796857 | 0.062700 | 1.135839
0.2 0.796857 | 0.065270 | 1.142372

0.4 0.796857 | 0.067836 | 1.148897

0.6 0.796857 | 0.069117 | 1.152157

2 105|05|05|071({05|05|05|05|05|1 |05 |0.1 | 0.796857 | 0.063872 | 1.139107
2 0.796857 | 0.063876 | 1.849592

3 0.796857 | 0.063896 | 2.490057

4 0.796857 | 0.063986 | 3.095380

2 105|05(05({071{05|05|05|05|05 |1 1 0.1 | 0.796857 | 0.063892 | 1.383936
2 0.796857 | 0.063900 | 1.759857

3 0.796857 | 0.063916 | 2.059805

4 0.796857 | 0.063949 | 2.316880

2 105|05|05(071({05|05|05|05|05|1 |05 ]0.2 | 0.796857 | 0.098292 | 1.144968
0.4 | 0.796857 | 0.133942 | 1.150758

0.6 | 0.796857 | 0.152201 | 1.153602
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‘1 ‘ 0.796857 ‘0.170705 ‘1.156399 ‘

porous medium. Alexandria Engineering
Journal, 54(3), 673-679.

From the above discussion, we can make the [3] Fang,T.,Chia-fon, F.L.

) _ and Zhang,J.,
following conclusions.

1. The velocity decreases with the increased
parametric values of magnetic (M),

Casson fluid (), slip (A) and suction (S),

but the reverse trend is observed in
permeability parameter (K).

2. Temperature increases with the rises of
radiation parameter (R), thermophoresis
parameter  (Nt), Brownian  motion
parameter (Nb), Eckert number (Ec)
andBiot number (Bi) whereas the reverse
process detected in the prandtl number
(Pr).

3. The concentration profiles enhance for the
growing values of Brownian motion
parameter (Nb) and decrease for the
increased values of thermophoresis (Nt),
Lewis number (Le) and chemical reaction
(Kr) parameters.

4. Nusselt and Sherwood numbers raises with
the enhance of M, K, g, R, Pr, A, S, Nt,
Nb, Ec, Le and Bi respectively

5. Skin friction coefficient rises with the
parameters M, K, 2, A and S. But being

constant with the parameters R, Pr, Nt, Nb,
Ec, Le, Kr, Bi.
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