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ABSTRACT

Some basis properties of bc-continuous functions are considered in this work. We establish and study the ring of all real valued bc-continuous
functions on topological space (. 33} and denoted by £ (*).. It is proved that the ring of all real valued bc-continuous functionsCs (7). is

isomorphic to the £ (*). whereM z= is b -dimensional space
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Introduction

Throughout this paper, (M, 5)and (M, T) always
represent a topological space and they will simply be written

M and V. Andrijevic[1] defined the concept of b-open
sets as new class of generalized open sets. In 2013, Tahir [5]

m: (M, 3)— IV, T)bc-continuous
functionif for each @ € M and each open set G containing
n(a), such that N" — & is b-compact relative to V", there
exists an open set Fcontainingasuch that TT(F) & G.

For a topological space (M, 3), let C( M, G )denotes the
ring of all continuous functions from M into & [6]. If G is
the ring of real numbers IR, we will denote by C (M) the
ring of all continuous functions from M to IE. Moreover,
C, (M) denotes to the set of real valued of bc-continuous
functionon M. Abjection function 4 : (M, 3)— (N, T)
is said to be b-homemorphism[6] if the function 4 and the
inverse function 4~ " are bc-continuous. Moreover, we call
(M,3) and (V',T) are b-homemorphic and denoted by
M2 N,

Whenever k € C{AM), we will denote by Z(x) to the zero
setof k, and Z(M)denotes to all zero-set Z(x).Additionally, if

e C, (M), Z,(M) denotes to all zero-sets Z_b ().
We also need to recall the definition of the component.If

a € M, the component £ is the union of all connected
subspaces of (M, 3 )which contain a. Moreover, the g-
component@, of a point @ € MMis the intersection of all

clopen (open and closed) subsets of a topological space A
which contain a.

Recall that in [7] , A topological space (M, 3 is said to be
b-T -space if for every pair of distend points a andb in M,
there exists a b-open set H = M such that @ € H and
bg&H,

called function
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Preliminaries

Now, we introduce some basis definitions and facts of b-
open sets [1], compactness [5], bc-continuous function.

Definition 2.1.

A subset F is said to be b-open set if
F C cl(int(F)) U int(cl(F)). The complement of a
b-open set is b-closed , or equivalently , if
int(cl F) n cl(int F) € F.

For a subset A of a space (M., 33 the b-interior of A is the

union of all b-open subsets of M and denoted by izt (A),
andthe b-closure of A is the intersection of all b-closed

subsets of A and denoted by ¢l (A). A subset Sof M is
called 4 — open set if S = int, (5. In other words, A set
S is 4 — open if and only if5 is a union of b- open set. Also,
aset u is called - closed if and only if U = ¢, (U) and a
set U is 4- closed if and only if U is an intersection of b-
closed set.Additionally, we will denote BO(HM) to the
family of all b-open in (M, 37 .

Definition 2.2.

A topological space (M, 3) is said to be b-zero

dimensional if and only if it is b-T1

aEManda&'B

-space and for each point
where B is closed subset of , there
exists a b-open set A such that ANB =0 . We will
denote it by b:-dimensional

Or an equivalent definition a topological space (M, 3) is

T

called 2 -dimensional if it is b- 1-space and has a base

containing of b-open set.

Definition 2.3.

Let F be a subset of a topological space (M, Sj,
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A cover {w;li e n}of F by b-open sets of M s called b-
open.

F is defined to be b-compact relative to M

cover of F has a finite subcover.

A space (M, 3) is defined to be b-compact if and only if
M is b-compact relative to M.

if every b-open

Definition2.4.

A function w: (M,S‘:]_)(N,ffj is defined to be bc-

continuous if for each @ €M and each open set G

containing 7(a), such that M —Gjg b-compact relative to

N, there exists an open set F containing a such that

n(F)SG,
Definition 2.5.

A topological space (A, 3) is called b-Hausdorff if for
pair of distinct points a and b in M, there exists two b-open
setsFand Gsuchthata EF ,bE Gand FNG = @,

Some properties of bc-continuous functions.

The results of this section will be extremely significant in
the next section.

Proposition 3.1

.Every continuous function is bc-continuous.

Proof. et : (M, ) — (I, E) be a continuous function,
and let @ €M | G be an open set containing ¢ (a)such
that M — G is b-compact relative to V".Since ag M, 5 is
an open set containing & (a) and £ is continuous,then there
exists open set IJ containing @ such that &(L/) € G. Then
e is be-continuous function. o

Remark 3.2.

The invers of the above proposition is not necessary to be
true.

L (M, F) i eai
Two disjoint subsets F and G of space +~1js said to be
completely separated if there is a bc-continuous function

f € Gy (M) that separates them.In addition, for the subset

F and G such that TG =@ then F and O be b-
completely separated if and only if they are being in two

disjoint members of Zy (M) .

Proposition 3.3.

Let (M, 35) be a topological space and (W, T) is b-
compact space, if™"* (M,3) = (VD) pe  pe
continuous function, then the following statements hold.

i @ €M pinV ang T (@) = b ihen T (Qa) S Qs
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If N is a b-T_1-space, then « is constant on each g-componet
inM.

Proof. 1) Let ¢ in @a and space ™ (€) € @5 Then there is
a closed and open set ¥ in ™V such that™ (€) €V ang
Vng, = E', that leads to beV _since " is b-compact
space and N =V s closed, then N =V s b- closed.
SO,N —Vis b-compact relative to N Because of™is be-
continuous function, exists then there a b- open set Hjn M
containing © such that ™ (VIS H plgo, T(@)EV
since ™ (€a) S H ) and this implies to ™ (a)=bj,y,
but this leads to the contradiction. o

2) Let b€ Qs ang ™ (@) # T (B) | 55 there exsits an
open set V in 7 such that ™ (@) inv, put T(0) EV

N =Vis b-compact relative in N (since N

is b-compact
space). Because ™ is bc-continuous, then there exists a b-
open set H such that ™ (H)sVv . However, any b-open set

containing @ also contains b, for b in Qrz. So T (b] inV,
but that leads to contradiction. O

Corollary 3.4

If (M,3) be a topological space, then for every
m € C, (M) the following cases holds.

1. On each g- component in M, TC is constant.

2. Fora e M thezeroset Z(x) = U cz¢0 @a

The ring €s (M
Theorem 4.1.
Whenever (', T) is b-compact, then C(M') = C,, (M)

Proof. The first implication C(M) = C,, (M) is clear.For
another side, we should prove that Cy (M) = C(M).
Letm : (M,3) — (N, T) € C, (M) |, and et
a €M, H is an open set containing T(&). Indeed,
N — His closed,thenN™ — H is b-compact (since V" is b-
compact). Because of T is bc-continuous then there exists
an open set A containing a, such that T(a) S H. Hence
e (M, 5) — (I, T)is continuous. o

Proposition 4.2.

Whenever(M’ 3) is a topological space. If Fis a ’&-closed

subset ofM and a in M—F , then there exsits'gI in Gy (M:]
such thatE(Fj = {1]’ and H[Qﬂj = {':']'

Proof. Since M —F

set containing a such that HNF = E'.Now define an
Z(i)=H.

is b-open, then there exists a b-open
In  other words,

idempotent’E with
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1(H) = {0} gng 1M — H) = {1}y js easy to see
that T in Co (M) 1(Qa) =0 because of = = and
i(F)=1

Proposition 4.3.

For a topological space (M), M is b-Hausdorff if and
only if for each a € M, ¢, = {al.

Proof. Suppose that M is b-Hausdorff space and a, b in A
such that & = & , then there exists a b-open set F containing
abutnotbh. Thisleadsto & & @, , i.e.,@; is single.
Conversely, let a and b in M such that @ # & . So there
exists a b-open set Fsuchthata e Fand b &€ F | i.e.,, M is
Hausdorff.o

Next, we will explain that € () is isomorphic with £{#),
where " is a b -dimensional.

Theorem 4.4

Af (M, 3J)is a topological space , then there exists a b -
dimensional space M = such that Cp (M) = C(My=] .
Proof. Suppose that @ is the g-compact of a, for each @ in
M and let My ={ @y |a e M } is the decomposition.
Moreover, we will consider 7 is a topology on =, so that
Hint if and only if Ug__. @ is &-open in M. It is easy to
see that 7 is a topology because M = UQ:EM.E, @; and
B = Ug_cz Q. lead to Mye and § are open. If A and B are
open subsets of M 3= , then
Ugaeans @a = (U ea@a) N (Ug 5 @)leads to ANE is
open in M=, Also, it is clear for each A, in M=, U, 4, is
open in M=. Additionally, we can show that M= is
Hausdorff space , since if @zand @3 in Mg such that
Q.N@y=0anda.b M, then & & Qpand because 25 is
4£-closed.So, from proposition [4.2Jwe can get an
idempotenti in Cy(M), such that 1(Q5) = 0 andi{Q,) = 1.
If we suppose that K =1{Q.lceZ(i)} , then
Z(i) = Ug_x @ leads to K is a b-open subset of M .

In addition,Jy € K but J; € K in other words M 3= is b-
Hausdorff space. Therefore, it is Hausdorff.

Now, we need to explain M= is b — dimension. Let K be
closed set in M= and @5 € K.Therefore, & = U, o @, is
a 4-closed subset of A and & & . Hence, by proposition
[4.3], there exists a b-open subset ¥ of, such that & =V
andb g V",

Urerr @ =V leads to T = {@.l c € ¥} is a b-open subset
of V. It is clear that K ST and @y €K , s0 My ish -
dimensional.

Now, we need to prove that Cp (A7) = C({Mg=]. Hence we
define m:Cy(M) — C(Mye) by mlhl) = hysfor each
h € Cy(MJand hyeis define by hy (@) = h(a) for each a
in &, By corollary (3.4), it is clear that mis well defined.
Furthermore, hz= € (M=) for h € C(X). clearly if
hg= (0,1 = fla) = zthen for each £ = 0 |, there exsits a b-
open subset K of A containing a such that
h{K)Eiz— .2z + g)leads to hge in C{Mpe) .

If m(h) = w(f), where b , f in Co(M) then hype = fae
leads to h(a)=hy= (Q.) = fie (@) = Fa) , for all ac M.
So,h=f, in other words, T is one-to-one.
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Moreover, it is easy to see that m is homomorphism because
alh+ f) =(h+ fl=and

(h+ e (@) = (h + f)a) =hla) + fla)= hye(a)
+fy= (@) for each {, in Mgz, And this leads to
ath+ =al)+n(f) , for all h, f in Cu(M),
therefore, ™ is homomorphism.

Now, we will show that T is onto. suppose that f € C (M=)
and we define h: M — R by hial = F(@ )for all a in M
and it is bc-continiuous.

Clearly, ifa e M, hig)=h(Q;) =2z and let e=0 is
given, then there is an open subset & ofA 3= containing @
such that f{&} € (z —e.2 + £). We can see that is enough
to consider G-open subset H = U, . @ 0fM.

If fact, @ € Hand h(H) € (z — €,z + €) which leads
to inC,, (M), It has been seen from definition of 2 and
that T(h) = f. Therefore, we have proved that Tt is onto.o
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